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Physico - Chemical Quantities  
 

 

Units and Conversions: 
 

L  liter (1 L = 1 dm
3
 = 10

-3
 m

3
) 

M  molarity (1 M = 1 mol/L) 

mM  1 mM = 10
-3

 mol/L 

lg
 
x  decadic logarithm (= log10

 
x)     conversion: lg x = (ln

 
x)

 
/
 
(ln

 
10) 

ln
 
x  natural logarithm (= loge

 
x),     conversion: ln x = (ln

 
10)

 
(lg

 
x) 

ln
 
10  = 2.303  

aj ionization fractions, aj = [j]/CT ï 

Alk  total alkalinity mol/L 

ANC acid-neutralizing capacity mol/L 

BNC base-neutralizing capacity mol/L 

ɓ buffer intensity (normalized), ɓ = dn/d pH ï 

ɓC buffer intensity, ɓC = dCB/d pH = CT
 
ɓ mol/L 

CA concentration of (strong) monoprotic acid CA = [HX] T mol/L 

CB concentration of (strong) monoacidic base CB = [BOH]T mol/L 

CT total concentration of N-protic acid: CT = [HNA] T mol/L 

dij  KRONECKER delta, dij  =
 
1 for i=j, and dij  =

 
0 for i̧ j  ï 

EPn equivalence point (for integer and half-integer n) ï 

I ionic strength mol/L 

ɔj activity correction for species j ï 

DG
0 GIBBS energy change J/mol 

j index denoting the aqueous species j, j = 0, 1, é N ï 

[j]  molar concentration of aqueous species j: [j] = [HN-j  A
-j
]
 

mol/L 

{j}  activity of aqueous species j:                    {i} = {H N-j  A
-j
}

 
mol/L 

Ka acidic constant (general abbreviation) mol/L 
c
Ka conditional acidic constant (non-thermodynamic quantity) mol/L 

K j acidity constant of dissociation step j mol/L 

kj cumulative acidity constant, e.g. kj = K1K2...Kj (mol/L)
j  

Kw equilibrium constant of autoprotolysis (self-ionization of H2O) (mol/L)
2
 

n equivalent fraction of titration, n = (CB ï CA)/CT ï 

N number of protons (H
+
) of the N-protic acid HNA ï 

pH = ïlg {H
+
}  º  ïlg [H

+
]  =  ïlg x ï 

pHj = ½ 
(pKj + pKj+1) as pH of equivalence point EPj ï 

pkj = ïlg kj ï 

pKj = ïlg Kj ï 

T temperature in Kelvin K 

R gas constant (R = 8.314 J mol
-1

K
-1

) J mol
-1

K
-1
 

x abbreviation for [H
+
] mol/L 

YL L
th
 moment constructed from aj:  YL = Sj j

L
 aj ï 

w(x) ópure water balanceô:  w ¹ [OH
-
] ï [H

+
] = Kw/x ï x mol/L 

zj charge of species j ï 

Z charge of highest protonated acid species  ï 
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Definitions & Abbreviations  
 

Acid
 
Species. The N+1 aqueous species of the polyprotic acid HNA are abbreviated by: 

 

(0.1)  [j]   ¹  [HN-j  A
Z-j

]  for   j = 0, 1, 2, ... N 
 

where the integer j also labels the electrical charge of species j: 

 
 

(0.2)  zj  =  Z ï j    with  
 

 

Total
 
Concentration. The

 
sum

 
of all species yields the total concentration of the acid: 

 

(0.3)  ]j[]AH[C
N

0j

TNT ä
=

=¹    (mass balance) 

 

Ionization
 
Fractions. Ionization fractions are ratios of the acid-species concentrations 

to the total amount of acid: 
 

(0.4)  
T

j
C

]j[
a ¹   for   j = 0, 1, 2, ... N 

 

Activities
 
vs

 
Concentrations. In chemical thermodynamics one has to distinguish bet-

ween molar concentrations and activities (cf. Appendix
 
A): 

 

¶ concentrations  will be denoted by square brackets  [j] 

¶ activities   will be denoted by curly brackets  { j}  
 

x
 
and

 
pH. The molar concentration of H

+
 will be abbreviated by x:  

 

(0.5)  x  ¹  [H
+
]  =  10

-pH 
   Ú

 
   pH  =  ï

 
lg

 
x 

 

[This is an approximation since pH is based on the activity of H
+
: pH

 
=

 
ï

 
lg

 
{H

+
}. ] 

 

H2O. The autoprotolysis (self-ionization of water) is defined by
1
 

 

(0.6)  H2O  =  H
+
 + OH

-
  with  Kw = [H

+
][OH

-
] 

 

and Kw
 
=

 
1.0·10

-14
 at 25

 
°C. Using x

 
=

 
[H

+
], we get 

 

(0.7)  [OH
-
]  =  Kw/x 

 

In this context we introduce the quantity  
 

(0.8)  x
x

K
]H[]OH[w w -=-¹ +-

   

 

For pure water, i.e. in the absence of any acid and base, we have w = 0. 

 

                                                 
1
 To be more precise, Kw is defined for activities: Kw = {H

+
}{OH

-
}.  

Z = 0   for common acids 

Z ² 1   for zwitterionic acids (amino acids) 
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I NTRODUCTION  
 

The lecture is focused on the mathematical description of acid-base reactions in water. 

This is not new; the theory has been known for more than 100 years. Three main 

concepts were successively developed during this period: 
 

¶ In 1884, ARRHENIUS provided the first modern, molecular-based definition: an acid 

is a substance that releases H
+
 in water; a base is a substance that releases OH

-
. In 

this way, he predicted the dissociation into ions even before charged elementary 

particles were accepted and established (in the late 1890s). H
+
 ions are just protons. 

 

¶ In 1923, BRØNSTED and LOWRY extended the concept with the idea that an acid-base 

reaction involves a proton transfer from a proton donor (the acid) to a proton 

acceptor (the base). The solvent no longer has to be water, as the new concept also 

applies to liquid ammonia, alcohol, benzene, and other non-aqueous solutions. 
 

¶ About 15 years later, G.N. LEWIS went one step further and stretched the ñproton-

transferò concept of conventional acids and bases to the much broader concept of 

ñelectron-pair transferò. The latter can also be used for ligand-metal ion coordination 

reactions and substitution reactions in organic chemistry. 
 

The essence of each concept can be summarized as follows: 

 

 
 

The relationship between all three 

concepts can be visualized as a Venn 

diagram where the most general LEWIS 

concept encompasses both BRØNSTED-

LOWRY theory and ARRHENIUS theory. 

 

 

 

 
Fig. 0.1   Relationship between acid-base concepts 
 
 

The proton-transfer mechanism makes acid-base reactions very fast, so that chemical 

equilibrium is always established in the shortest time. This allows the application of a 

pure thermodynamic description (while slow reactions, such as redox processes, require 

more
 
sophisticated kinetic

 
approaches). The framework was established long

 
ago in form 

of the Law of mass action (by GULDBERG and WAAGE in 1864), where the equilibrium 

 
acid base 

Arrhenius (1884) contains H+ contains OH- 

Brønsted-Lowry (1923) proton (H+) donor proton (H+) acceptor 

Lewis (1938) e- pair acceptor e- pair donor 
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state is characterized by one single quantity ï the equilibrium constant K. In modern 

chemistry this is derived from GIBBS energy (originally established in 1873).  
 

If one speaks of acids or bases, one inevitably speaks of the pH value. This fundamental 

quantity, which appears in all formulas, is a measure of the H
+
 concentration. Therefore 

it is quite natural to prefer the proton-transfer concept of BRØNSTED and LOWRY in the 

present lecture. 

 
 

Structure of the Lecture  
 

The lecture consists of four parts: Chapters
 
1 to 4. Chapter

 
1 begins with the description 

of polyprotic acids HNA with any number of protons N. Usually N is a small number ï 

1, 2 or 3 for monoprotic, diprotic and triprotic acids ï so why all the effort for higher N? 

The answer is threefold. First, there are indeed acids with up to 6 protons (see EDTA in 

§
 
4.1.4

 
on

 
page

 
97). Second, new

 
and

 
deeper

 
insight

 
is

 
obtained

 
by treating N as

 
a variable 

integer (see e.g. classification of equivalence points in §
 
2.3). Third, the approach can 

easily be applied to other chemical equilibria such as redox reactions, hydrolysis, or 

metal-ligand complexation (where N is usually high). The goal of Chapter
 
1 is to bundle 

a set of N+3 nonlinear equations into a single analytical formula. 
 

In Chapter
 
2, the two-component acid system (HNA+H2O) of Chapter

 
1 is extended by a 

strong base to a three-component acid-base system. It opens the door to the description 

of acid-base titrations. Chapter
 
3 then introduces buffer capacities and buffer intensities. 

In Chapter
 
4, the mathematical description is applied beyond the realm of common acids 

to zwitterions and to surface complexation. 

 

Final Note. The presented mathematical framework of analytical formulas widens our 

understanding of the acid-base system. However, it will and can never replace numeri-

cal models like PHREEQC, AQION or other software, which are able to handle real-world 

problems (including activity corrections, an arbitrary number of species and phases, 

aqueous complex formation, etc.). 
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1  POLYPROTIC ACIDS  
 

1.1 What is an Acid? 
 

1.1.1 Proton Transfer 
 

An acid HA is a proton
 
donor; it releases H

+
 ions (or H3O

+
) when dissolved in water: 

 

(1.1)  HA  =  H
+
 + A

- 

 

(1.2)  HA + H2O  =  H3O
+
 + A

-
 

 

In the following, we prefer the shorthand notation of Eq.
 
(1.1). However keep in mind 

that H
+
 ions do not exist in a free state; they are extremely reactive and form hydronium 

ions H3O
+
. 

 

The definition of acids as proton donors is fully in line with ARRHENIUSô notion that 

acids are substances that contain and release H
+
 ions. In the case of bases, however, 

both concepts differ: 
 

 ARRHENIUS base:  contains OH
-
     (e.g. NaOH,  KOH,  NH4OH,  ...) 

 BRØNSTED-LOWRY base: H
+
 acceptor    (e.g. OH

-
,  Cl

-
,  NH3,  ...) 

 

This allows all ARRHENIUS bases
2
 to be combined into a single H

+
 acceptor equation: 

 

(1.3)  OH
-
 + H

+
  =  H2O 

 

Now something new comes into play (that ARRHENIUS concept does not have): conjuga-

ted acid-base pairs. Adding Eq.
 
(1.3) to Eq.

 
(1.1) yields: 

 

 

(1.4)  HA   +   OH
-
    =   H2O     +   A

-
                   

 

 

(1.5)  acid  +   base    =   conjugate acid   +   conjugate base
 

     (of base OH
-
)        (of acid HA) 

 
 

In this overall reaction, H
+
 ions do not appear (because they are transferred between 

conjugate acid-base pairs). H
+
 ions only appear in ñhalf reactionsò, such as in Eq.

 
(1.1) 

or Eq.
 
(1.3):  

 

 

(1.6)  acid                   =   H
+
  +  conjugate base 

  (proton donor)                 (proton acceptor) 

 
 

Eq.
 
(1.6) is a general concept that also applies to polyprotic acids, namely for each 

individual dissociation step (as shown in Eqs.
 
(1.17) to (1.19) on page

 
13).   

                                                 
2
 An ARRHENIUS base can be abbreviated, say, by BOH where the cation B

+
 stands for Na

+
, K

+
, NH4

+
 etc. 
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Autoprotolysis. One very special case of Eq.
 
(1.4) is the self-dissociation of water: 

 

(1.7)  H2O  +  H2O  =  H3O
+
  +  OH

-
 

 

Here, water acts as an acid and a base at the same time. Such substances are named 

ampholytes. 
 

1.1.2 Acidity Constants 
 

The equilibrium constant of reaction (1.1) is called the acidity
 
constant. There are two 

types of acidity constants:
3
 

 

(1.8) acidity constant:    
}HA{

}A}{H{
K a

-+

=    (based on activities) 

 

(1.9) conditional acidity constant:   
]HA[

]A[]H[
K a

c
-+

=    (based on concentrations) 

 

Both equations are special types of the law of mass action. The value of Ka signifies the 

strength of the acid (strong acids: Ka large; weak acids: Ka small). 
 

Activities. Activities are óeffective
 
concentrationsô which can be calculated by

 
semi-

empirical activity corrections ɔj (cf. Appendix
 
A): 

 

(1.10)  activity (effective concentration):  {j}  =  ɔj [j]   
 

The activity correction depends on the ionic strength I. In dilute systems (low-concen-

trated waters) the ionic strength is very small (I
 
º

 
0) and ɔj

 
º

 
1, so that activities and 

concentrations are almost the same. 
 

Note: The mathematical derivations in this lecture rely on concentrations (not activities). Thus, 

the obtained results are valid either in dilute systems or by using the conditional acidity constant 
c
Ka. We consider it as an assumption that applies to the whole text (and skip the small-letter 

superscript c on 
c
Ka). This remark about activities/concentrations is so important that we will  

return to it throughout the text.  
 

lg
 
K. In practice, it is

 
often

 
convenient to use the (base-10) logarithmic form of Eq.

 
(1.8): 

 

(1.11)  lg Ka =  lg
 
[H

+
] + lg

 
[A

-
]  ï  lg

 
[HA]   

 

The negative decadic logarithm of the acidity constant is then abbreviated by pKa: 
 

(1.12)  pKa =  ïlg
 
Ka  

 

which parallels the definition of pH as pH
 
=

 
ïlog

 
[H

+
]. In this notation, Eq.

 
(1.11) con-

verts to 
 

(1.13)  pKa =  pH ï lg
 
[A

-
] + lg

 
[HA]  

 

                                                 
3
 In addition there are also mixed-type constants based on activities and concentrations inside the mass-

action law. 
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This can also be written as the so-called HENDERSON-HASSELBACH equation: 
 

(1.14)  pH =  pKa + 
]HA[

]A[
lg

-

  =  pKa + 
[proton acceptor]

lg
[proton donor]

 

 

Here, the term lg
 
[A

-
]/[HA] vanishes for equal concentrations. In other words, the pKa 

value is just the pH at which the amount of both species is equal, i.e. at which 50
 
% of 

the species HA is dissociated into species
 
A

-
. Therefore, itôs no surprise that the pKa 

value is also called the ósemi equivalence pointô ï more about this topic in §
 
1.4.2, 

Eq.
 
(1.76). 

 

The pKa value allows a classification into strong and weak acids: the smaller the pKa, 

the stronger the acid ï quite the opposite to a Ka-based ranking (see Eq.
 
(1.20)).  

 

GIBBS
 
Energy. There is a fundamental link between the equilibrium constant K and the 

(change of) GIBBS energy: 
 

(1.15)  ȹG
0
 = ï RT ln K 

 

where R
 
=

 
8.314 J

 
mol

-1
Kelvin

-1
 is the gas constant and T the temperature in Kelvin. 

This equation can be rearranged to lg K: 
 

(1.16)  
RT303.2

G

RT10ln

G
Klg

00

Ö

D
-=

Ö

D
-=   or 

RT303.2

G
pK

0

Ö

D
=  

 

An example for the relationship between several pK values (of a triprotic acid) and DG
0
 

is given in Fig. 1.6 on page
 
22.  

 

1.1.3 Mono-, Di-, and Triprotic Acids 
 

Acids can donate one, two, or more protons H
+
. Typical examples are: 

 

 

A monoprotic acid
 
is characterized by a single acidity constant K1 (= Ka), a diprotic acid 

by two acidity constants (K1, K2), and a triprotic acid by three acidity constants (K1, K2, 

and K3): 
 

(1.17)      1
st
  dissociation step:   H3A =  H

+
 + H2A

-  
K1 

(1.18)      2
nd

  dissociation step:   H2A
-
 =  H

+
 + HA

-2  
K2 

(1.19)      3
rd

  dissociation step:   HA
-2

 =  H
+
 + A

-3  
K3 

 

Monoprotic acid (HA) Diprotic acid (H2A) Triprotic acid (H3A) 

HCl H2CO3 H3PO4 

HNO3 H2SO4 H3AsO4 

HI H2CrO4 H3BO3 

HF H2SeO4 citric acid 

formic acid oxalic acid 
 

acetic acid 
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Ranking. Protons are released sequentially one after the other, with the first proton 

being the fastest and most easily lost, then the second, and then the third (which is the 

most strongly bound). This yields the following ranking of acidity constants of a poly-

protic acid:
4
 

 

(1.20)  K1 > K2 > K3 
 
        or pK1  <  pK2  <  pK3 

 

For example, phosphoric acid has pK1
 
=

 
2.15, pK2

 
=

 
7.21, and pK3

 
=

 
12.35. Other exam-

ples for acidity constants are listed in Tab. 1.1. 
 
Tab. 1.1 Examples for pK = -lg K for four common acids 
 

 

In addition to ñcommon acidsò, there are also zwitterionic acids (amino acids). The 

latter are described in §
 
4.1. 

 

1.1.4 Strong Acids vs Weak Acids 
 

Strong acids dissociate completely in water, while weak acids do not dissociate comple-

tely. In other words, the stronger the acid, the higher is the H
+
 concentration at 

equilibrium. A classification based on pKa values (acidic strength) seems natural. 
 

Monoprotic
 
Acids. Let us consider a monoprotic acid with the total amount CT ſ [HA]T 

(which is de facto the acidôs initial concentration before it dissolves). In the equilibrium 

state, the total concentration splits into its undissociated and dissociated parts: 
 

(1.21)  CT  =  [HA] + [A
-
] 

 

Strong and weak acids then differ as follows (greatly simplified): 
 

 Strong Acid Weak acid 

acidity constant Ka ḻ 1 Ka Җ м 

pKa = -lg Ka pKa < 0 pKa > 0 

[H+] = 10-pH [H+ϐ  Ғ  /T [H+]  Ḻ  CT 

undissociated acid ώI!ϐ  Ғ  л ώI!ϐ  Ғ  /T 

dissociated acid [A-ϐ  Ғ  /T [A-]  Ḻ  CT 

 

                                                 
4
 In organic acids, the second and third acidity constants can be similar. 

5
 The composite carbonic acid is the sum of the unionized species CO2(aq) and the pure acid: H2CO3

*
 = 

CO2(aq) + H2CO3. To simplify the notation we omit the asterisk (*) on H2CO3
*
 throughout the paper. 

Acid Formula Type pK1 pK2 pK3 Ref 

acetic acid CH3COOH HA 4.76   [M91] 

(composite) carbonic acid5 H2CO3
 H2A 6.35 10.33  [W91] 

phosphoric acid H3PO4 H3A 2.15 7.21 12.35 [M91] 

citric acid C6H8O7 H3A 3.13 4.76 6.4 [M91] 
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In literature, there is no clear distinction between what we call a strong acid and what 

we
 
call

 
a

 
weak

 
acid. More refined classification schemes distinguish between very strong 

acids, strong acids, weak acids, and very weak acids. The easiest way is a subdivision 

into two groups: 
 

¶ strong acids:  acids with pKa < 0  

¶ weak acids:  acids with pKa > 0   
 

Polyprotic
 
Acids. The idea remains valid even for N-protic acids, HNA. The acidity 

constant Ka should be replaced by the first dissociation constant K1. The mathematical 

description is quite simple:
6
 

 

(1.22)      undissociated fraction: a0  ¹  
x/K1

1

C

]AH[

1T

N

+
º  with x = 10

-pH
 

 

Fig. 1.1 displays the pH dependence of the undissociated fraction a0 for common acids, 

based on Eq.
 
(1.22). The small circles mark the corresponding pK1 values. As expected, 

strong acids are completely dissociated in real-world applications (pH
 
>

 
0). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 1.1 Undissociated fraction of some common acids. Strong acids are completely dissociated in the whole pH 
range beginning at pH å 0. 

 

  

                                                 
6
 The exact formula for the ionization fraction a0 is given in Eq.

 
(1.62).  
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1.1.5 Weak Acids vs Dilute Acids 
 

A weak acid and a dilute acid are two different things, like apples and oranges. The first 

relies on the acidity constants Ka (which is a thermodynamic property of the acid that no 

one can change), while the second relies on the amount CT of a given acid: 
 

 weak acid  ª  strong acid  Ú small Ka  ª  large Ka
 

 dilute acid  ª  concentrated acid Ú small CT  ª  large CT 

 

You cannot make a weak acid strong, but you can change the degree of dilution (or 

concentration) as you like. Tab. 1.2 summarizes the principal differences between the 

degree of strength and the degree of dilution. For polyprotic acids replace Ka by K1. 

 
Tab. 1.2  Comparison between degree of strength and degree of dilution 
 

 Degree of Strength Degree of Dilution 

determined by acidity constant Ka amount of acid CT 

relationships 
weak acid  ª  strong acid 

small Ka  ª  large Ka 

(positive pKa  ª  negative pKa) 

dilute acid  ª  concentrated acid 

small CT  ª  large CT 

compares two different acids dilution of the same acid 

describes release of H+ dilution of H+ 

type 
fundamental property 
(cannot be changed) 

control parameter 
(can be changed) 

 
 

Instead of K, the classifica-

tion can also be based on 

pK, as indicated by the 

schema in Fig. 1.2. (Note: 

For polyprotic acids pK 

refers to the first dissocia-

tion step, i.e. to pK1.) 

 

 
 

Fig. 1.2   Relationship between 
weak/strong and dilute/concentrated 
acids 
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1.2 Basic Set of Equations 
 

1.2.1 Special Case: Diprotic Acid 
 

Before we tackle the most general 

case letôs start simple and consider 

the example of diprotic acids. 

 

 

 

 

 

 

 
Fig. 1.3  Addition of a diprotic acid to water 
results in an equilibrium state with several species 

 

When a diprotic acid H2A is added to pure water, the equilibrium state is characterized 

by five dissolved species: H
+
, OH

-
, H2A, HA

-
, and A

-2
 (see Fig. 1.3). Thus, five equa-

tions are required for a thorough mathematical description: 

 

(1.23) Kw =  {H
+
} {OH

-
}  (self-ionization of H2O) 

(1.24) K1 =  {H
+
} {HA

-
} / {H 2A}  (1

st
 diss. step) 

(1.25) K2 =  {H
+
} {A

-2
} / {HA

-
}  (2

nd
 diss. step) 

(1.26) CT =  [H2A] + [HA
-
] + [A

-2
] (mass balance) 

(1.27) 0 =  [HA
-
] + 2 [A

-2
] + [OH

-
] ï [H

+
] (charge balance) 

 

The first three equations are mass-action laws (of the type of Eq.
 
(1.8)); the two last 

equations represent the mass balance and the charge balance. While the mass-action 

laws are based on activities (denoted by braces), the mass-balance and charge-balance 

equations rely on molar concentrations (denoted by square brackets) ï see Fig. 1.4. 
 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1.4  Diprotic acid system: 
Equations based on activities vs 
equations based on concentra-
tions  
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Note: The total concentration of a diprotic acid is abbreviated by CT
 
=

 
[H2A] T. This 

quantity should not be confused with the neutral dissolved acid species H2A(aq) and its 

molar concentration [H2A].
7
 

 

As summarized in Fig. 1.5, the mathematical description of the diprotic acid system 

relies on two components (or subsystems) plus a coupling term: 
 

¶ component H2O (subsystem ñpure waterò) described by Eq.
 
(1.23) 

¶ component H2A (subsystem ñpure acidò) described by Eqs.
 
(1.24) to (1.26) 

¶ coupling of both subsystems   described by Eq.
 
(1.27) 

 

In fact, the two subsystems are linked together by the charge-balance equation. 

 

 

 

 

 

 

 

 
 

Fig. 1.5  Diprotic acid system: 
The subsystem ópure H2Oô and 
the subsystem óacidô are coupled 
by the charge-balance equation 
 

 

1.2.2 General Case: Polyprotic Acids (HNA) 
 

Given is an N-protic acid HNA. It is characterized by  
  

 N+3 species (variables): H
+
, OH

-
,  HN A,  HN-1A

-
, ... ,  A

-N
 

 

       N+1 acid species 
 

Hence, a complete mathematical description is provided by a set of N+3 equations: 

 

(1.28) Kw =  {H
+
} {OH

-
}  (self-ionization H2O) 

(1.29) K1 =  {H
+
} {H N-1 A

-
} / {H N A}  (1

st
 diss. step) 

(1.30) K2 =  {H
+
} {H N-2 A

-2
} / {H N-1 A

-
}  (2

nd
 diss. step) 

 ...   

(1.31) KN =  {H
+
} {A

-N } / {HA
-(N-1)

}  (N 
th
 diss. step) 

(1.32) CT =  [HN A] + [HN-1A
-
] + ... + [A

-N ] (mass balance) 

(1.33) 0 =  [HN-1A
-
] + 2 [HN-2A

-2
] + ... + N[A

-N ] + [OH
-
] ï [H

+
]  

 
(charge

 
bal.) 

 

                                                 
7
 The undissolved (electro-neutral) species is sometimes abbreviated by H2A

0
. 

a
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1
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The mathematical structure is similar to that of diprotic acids in §
 
1.2.1. All mass-action 

laws, i.e. the first N+1 equations, are based on activities, {j}, while the mass balance 

and charge balance, i.e. the last two equations, rely on molar concentrations, [j]. 
 

This set of equations represents an exact
 
description of the N-protic acid; however, due 

to the presence of activities in the mass-action formulas (requiring activity models as a 

prerequisite), this set of equations can only be solved numerically (by computer). 
 

Thus, in order to deduce simple closed-form expressions (i.e. analytical formulas), we 

must therefore replace all activities with molar concentrations: 
 

(1.34)  {j}  ­  [j]     (requirement for closed-form expressions) 
 

This approximation is valid either in very dilute systems or by using conditional equili-

brium constants 
c
K as introduced in Eq.

 
(1.9). In the following we assume that this has 

been done (without explicitly specifying it by 
c
K in the notation). Thus we have: 

 

(1.35) Kw =  [H
+
] [OH

-
] (self-ionization of H2O) 

(1.36) K1 =  [H
+
] [HN-1A

-
] / [HNA] (1

st
 diss. step) 

(1.37) K2 =  [H
+
] [HN-2A

-2
] / [HN-1A

-
] (2

nd
 diss. step) 

 ...   

(1.38) KN =  [H
+
] [A

-N ] / [HA
-(N-1)

] (N 
th
 diss. step) 

(1.39) CT =  [HN A] + [HN-1A
-
] + ... + [A

-N ] (mass balance) 

(1.40) 0 =  [HN-1A
-
]
 
+

 
2 [HN-2A

-2
] + ... +

 
N[A

-N ] + [OH
-
] ï [H

+
]   

 
(charge

 
bal.) 

 

This set of equations is the basis for all subsequent investigations. As a warm-up, the 

next paragraph starts with the subset of Eqs.
 
(1.36) to (1.39) that defines the subsystem 

ñpure acidò. It exhibits the main (mathematical) features of the acid in its clearest form. 
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1.3 The {ǳōǎȅǎǘŜƳ άPure Acidέ 
 

This paragraph focuses on the subsystem ñpure acidò described by the subset of N+1 

equations (1.36) to (1.39). In other words, the self-ionization of water, determined by 

Eq.
 
(1.35), and the charge-balance equation

 
(1.40) will be ignored. 

 

1.3.1 Notation 
 

Given is an N-protic acid with a total amount (molar concentration)  
 

(1.41)  CT  ¹  [HNA]T  =  TOT  HNA 
 

This acid is characterized by N+1 species: 
 

 1 undissociated species: HNA(aq)      (electro-neutral) 
 

N dissociated species:  HN-1A
-1

,  ...  ,  HA
-(N-1)

,  A
-N 

   (anionic) 
 

To keep the notation simple, we abbreviate the molar concentrations of the dissolved 

species by 
 

(1.42)  [j]   ¹  [HN-j  A
-j
]  for   j = 0, 1, 2, ... N 

 

The symbol j is an integer that also indicates the negative charge of the species (which 

is equal to the number of released protons): 
 

(1.43)  zj  =  0 ï j 
 

Thus, species [0] stands for the electro-neutral, undissociated species HNA(aq).
8
 In each 

dissociation step, j is enhanced by 1 (i.e. by releasing one proton): 
 

(1.44)  j
th
 dissociation step:  [j-1] ­ [j]  

 

where, according to the Eq.
 
(1.6), the conjugate acid-base pair is composed of: 

 

(1.45)  acid:   [j-1]  
 

(1.46)  conjugate base: [j]  
 

The molar concentrations of all species add up to the total concentration CT: 
 

(1.47)  mass balance:  ]j[C
N

0j

T ä
=

=   =  [0] + [1] + ... + [N] 

 

  

                                                 
8
 This quantity should not be confused with the total amount of acid, [HNA]T. 

of j
th
 dissociation step 
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Ionization
 
Fractions. Instead of using the N+1 acid species [j],  it is more convenient to 

work with ionization fractions (as ratios of the acid-species concentration to the total 

amount of acid): 
 

(1.48)  
T

j
C

]j[
a ¹   for   j = 0, 1, 2, ... N 

 

1.3.2 Stepwise and Cumulative Dissociation 
 

As already discussed in §
 
1.1.3, a monoprotic acid is characterized by one single acidity 

constant K1
 
(=

 
Ka), a diprotic acid by two acidity constants (K1, K2), and a triprotic acid 

by three acidity constants (K1, K2, K3): 
 

      1
st
  dissociation step:   H3A =  H

+
 + H2A

-  
K1 

      2
nd

  dissociation step:   H2A
-
 =  H

+
 + HA

-2  
K2 

      3
rd

  dissociation step:   HA
-2

 =  H
+
 + A

-3  
K3 

 

The three reaction steps of a triprotic acid can also be written as: 
 

      H3A  =    
 
H

+
 + H2A

-  
k1  =  K1 

      H3A  =  2
 
H

+
 + HA

-2  
k2  =  K1K2 

      H3A  =  3
 
H

+
 + A

-3   
k3  =  K1K2K3 

 

So we have two types of representation: The first representation describes the stepwise 

release of one single H
+
 in each dissociation step (itôs the way nature works); the second 

relates each dissociated species directly to the undissociated acid by a ómulti-protonô or 

cumulative release. The latter is a mathematical trick to simplify some of our further 

calculations.  
 

The transition to the second representation (in Tab. 1.3) requires a new set of mass-

action laws based on cumulative acidity constants k1, k2, to kN:  

 

 K1 = [H
+
]  [HN-1 A

-
]  / [HNA]  k1 = [H

+
] [HN-1A

-
]  / [HNA] 

 K2 = [H
+
]  [HN-2 A

-2
] / [HN-1A

-
]  k2 = [H

+
]
2
 [HN-2A

-2
] / [HNA] 

 ...   ...  

 KN = [H
+
]  [A

-N ]  / [HA
-(N-1)

]  kN = [H
+
]
N
 [A

-N
] / [HNA] 

 

which are products of K1, K2 etc.: 
 

(1.49)  j

1 2 j

1 for j 0
k

K K K for j 0 and j N

ë =
=ì

> ¢í
 

 

In addition, kj = 0 for j values outside this range, i.e. for negative j and for j > N.  
 

  

Ý 



Acid Base Systems Short Lecture 

 

22 Oct 22, 2018  
 

 

 

Tab. 1.3 Acid species and their cumulative acidity constants (in the new representation) 
 

 
 

In logarithmic scale, using the common definition for pkj ¹ ïlg
 
kj, Eq.

 
(1.49) becomes: 

 

(1.50)  j

1 2 j

0 for j 0
pk

pK pK pK for j 0 and j N

ë =
=ì

+ + + > ¢í
 

 

This simple additive relationship is illustrated in 

Fig. 1.6 for the triprotic acid, where the pkj and
 

pKj
 
values are plotted on a GIBBS-free energy axis 

(ȹG
0
). 

 

 

 

 

 

 

 

 

 

 
 

Fig. 1.6 Relations between pk and pK values on a GIBBS-free 
energy axis (ȹG0) for a triprotic acid 

 
 

In contrast to pkj values, which can be sequenced along an energy
 
scale, like in Fig. 1.6, 

pKj values are sequenced on a pH scale ï see Fig. 1.7 on page
 
29. 

 

Note. The cumulative acidity constant kj should not be confused with the cumulative 

equilibrium constant for complex formation denoted by bj (stability constants). Acidity 

constants are dissociation constants, while complex-formation constants are association 

constants. 

 
  

j species equilibrium reaction cumulative acidity constant 

0 [0] ¹ [HNA] HNA = HNA k0 = [HNA]/[HNA] = 1 

1 [1] ¹ [HN-1A
-] HNA = H+ + HN-1A

- k1 = [H+][HN-1A
-]/[HNA] = K1 

2 [2] ¹ [HN-2A
-2] HNA = 2H+ + HN-2A

-2 k2 = [H+]2[HN-2A
-2]/[HNA] = K1K2 

     

N [N] ¹ [A-N] HNA = NH+ + A-N kN = [H+]N[A-2]/[HNA] = K1K2»KN 
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1.3.3 Generalized HENDERSON-HASSELBACH Equations 
 

The two representations (i.e. the stepwise
 
and the cumulative dissociation introduced in 

§
 
1.3.2) can be brought into a more compact form: 

 

 

     reaction formula          law of mass action 
 

(1.51)  stepwise:   HN-(j-1) A
-(j-1)

  =  H
+
 + HN-j  A

-j
         

]1j[

]j[x
K j

-

Ö
=  

 

(1.52)  cumulative:   HNA  =  j
 
H

+
 + HN-j  A

-j
           

j

j j j 1 1

x [ j]
k K K K

[0]
-

Ö
= =  

 
 

Eq.
 
(1.51) represents the j

th
 dissociation step characterized by Kj (where j runs from 1 

to N). In contrast, Eq.
 
(1.52) is a representation for N+1 reactions (where j runs from 0 

to N), including the trivial case HNA = HNA with k0
 
=

 
1.  

 

Eqs.
 
(1.51) and (1.52) provide the pH (or x) dependence for concentration ratios  

 

(1.53)  
x

K

]1j[

]j[ j
=

-
      x  =  Kj 

 

(1.54)  
x

K

x

K

]1j[

]1j[ 1jj +
=

-

+
     x  =  (KjK j+1)

1/2 

 

(1.55)  
x

K
...

x

K

x

K

x

k

]0[

]j[ j21

j

j
==  

 

Thus, by knowing the concentration of one single species, say [j], we are able to calcu-

late all other concentrations, i.e. the complete equilibrium distribution for a given pH 

(or x). Under specific conditions (indicated by the blue arrows) the first two equations 

simplify and define two types of equivalence points, which will be discussed in §
 
1.4. 

 

In logarithmic form, the first two equations are generalizations of the HENDERSON-

HASSELBACH formula introduced in Eq.
 
(1.14): 

 

(1.56)      
]1j[

]j[
lgpKpH j
-

+=          
jpKpH=  

 

(1.57)      ( )
]1j[

]1j[
lgpKpK

2

1
pH 1jj

-

+
++= +

       
2

pKpK
pH

1jj ++
=  

 

  

[j+1] = [j -1] 

[j] = [j -1] 

[j+1] = [j -1] 

[j] = [j -1] 
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1.3.4 Closed-Form Expressions 
 

Using Eq.
 
(1.52), the subset of N+1 equations (1.36) to (1.39) simplifies to: 

 

(1.58)  ]0[
x

k
]j[

j

j

ö
ö
÷

õ
æ
æ
ç

å
=        (N dissociation

 
equations, j =

 
1 to

 
N) 

(1.59)  ää
==

==
N

0j
j

j
N

0j

T
x

k
]0[]j[C   (mass balance) 

 

In the pure-acid case, CT itself is irrelevant
9
. Dividing both equations by CT, and we get 

with aj
 
=

 
[j]/C T: 

 

(1.60)  0j

j

j a
x

k
a ö

ö
÷

õ
æ
æ
ç

å
=  

(1.61)  ö
÷

õ
æ
ç

å
++++=== ää

==
N

N

2

21
0

N

0j
j

j

0

N

0j

j
x

k
...

x

k

x

k
1a

x

k
aa1   

 

The last equation provides a formula for a0 as a function of x (or pH): 
 

(1.62)  

1

N

N21

2

211

1

N

N

2

21
0

x

KKK
...

x

KK

x

K
1

x

k
...

x

k

x

k
1a

--

ö
÷

õ
æ
ç

å
++++=ö

÷

õ
æ
ç

å
++++=

?
 

 

Knowing a0, all  other ionization fractions aj can be calculated by Eq.
 
(1.60). The set of 

ionization fractions ï i.e. the normalized acid-species distribution ï contain all the infor-

mation about the ópure acidô subsystem. More about ionization fractions will be 

presented in §
 
1.5. 

 

Summary. Given x (=
 
10

-pH
), the species distribution of the ópure acidô subsystem is 

completely determined by the set of N+1 ionization fractions (for j = 0, 1, ..., N): 
 

 

(1.63)  0j

j

j a
x

k
a öö

÷

õ
ææ
ç

å
=      with      

1

N

N

2

21
0

x

k
...

x

k

x

k
1a

-

ö
÷

õ
æ
ç

å
++++=  

 

  

                                                 
9
 CT becomes relevant only when, in addition to HNA, other components or subsystems are present (like 

H2O and/or other acids and bases). 
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Inverse
 
Task. The inverse task is to calculate x or pH from a given a0 (or any other aj). 

This leads to a polynomial of order N in x (as derived in Appendix
 
0):  

 

 

(1.64)  ä
¸

--+Ö=
N

ji

iN

i

jN xkxconst0   with  
j

j

j

1 a
const k

a

å õ-
=-æ ö
æ ö
ç ÷

 

 
 

Example. For a diprotic acid H2A, Eq.
 
(1.64) reduces to a quadratic equation (which can 

be solved quite easily). Letôs assume we know the value of a0 and want to calculate the 

corresponding x. The steps are as follows (note that k0 = 1): 
 

  20
1 1 2

0

1 a
0 x K x K K

a

-
= - + +  

  2

1 1 20 x K x K K= -a -a   with    
0

0

a1

a

-
=a  

 

The positive root of this quadratic equation is 
 

(1.65)  1 2

1

K K4
x 1 1

2 K

å õa
= + +æ öæ öaç ÷

 

 

Usually, K2/K1 << 1 and the second term in the square root can be neglected. Then, for 

a0 = ½ (i.e. a = 1) we get the simple result x = K1. 

 

  



Acid Base Systems Short Lecture 

 

26 Oct 22, 2018  
 

 

1.4 Equivalence Points ƻŦ {ǳōǎȅǎǘŜƳ άtǳǊŜ !ŎƛŘέ 
 

1.4.1 Definition of EPn 
 

An equivalence point (EP) is a special equilibrium state at which chemically equivalent 

quantities of acids and bases have been mixed: 
 

(1.66)  equivalence point: [acid]  =  [base] 
 

This concept also applies to any conjugate acid-base pair: 
 

(1.67)  equivalence point: [acid]  =  [conjugate base] 
 

Thus, a polyprotic acid gives rise to a whole series of EPs, because ï as we have seen in 

Eqs.
 
(1.44) to (1.46) ï each dissociation step (by releasing one proton) relates an acid to 

its conjugate base. Thereby, two types of equivalence points should be distinguished: 
 

(1.68)  EPj:  [j -1]  =  [j+1] 
 

(1.69)  semi-EPj: [j -1]  =  [j]  

 

The definition of EPj remains valid for j
 
=

 
0 and j

 
=

 
N, if  we extend our notation and 

identify [-1] by [H
+
] and [N+1] by [OH

-
]. It yields: 

 

(1.70)  EP0:  [H
+
]  =  [1]  (for j = 0) 

(1.71)  EPj:  [j -1]  =  [j+1]  (for j = 1, 2, ... N-1) 

(1.72)  EPN:  [N-1]  =  [OH
-
] (for j = N) 

 

and 
 

(1.73)  semi-EPj: [j -1]  =  [j]  (for j = 1, 2, ... N) 
 

Each EP is the midpoint between two adjacent semi-EPs (as will be shown in §
 
1.4.2). 

An acid HNA has N+1 EPs (the same number as the number of acid species) plus N 

semi-EPs. In total, there are 2N+1 equivalence points, called EPn, where n runs over all 

integer and half-integer values:
10

  
 

(1.74)  n  =  0, 
2
1 , 1, 

2
3 , 2, ... N-

2
1 , N 

 

According to Eqs.
 
(1.70) to (1.73), EPn is defined by 

 

(1.75)    EPn  Ú  
)EPsemi(

)EP(

N,,,nfor

N,,2,1,0nfor

]n[]n[

]1n[]1n[

2

1nj

nj

2
1

2
3

2
1

2
1

2
1

+=

=

-=

=

í
ì
ë

+=-

+=-

>

>
 

 

                                                 
10

 The choice of the small latter n as the index in EPn is not accidental. The deep relationship between EPn 

and the variable n = CB/CT, where CB is the amount of strong base, will be discussed in Chapter 2. 
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1.4.2 Correspondence between EPn and pHn 
 

An equivalence point is a special equilibrium state that is characterized by one specific 

pH value: EPn Ú pHn (or EPn Ú xn). The correspondence can be easily established. 

Before we start, however, itôs useful to make a distinction between so-called óexternalô 

and óinternalô EPs that separate the two outermost equivalence points EP0 and EPN from 

the rest: 
 

¶ external equivalence points  EP0 and EPN  

¶ internal equivalence points  all other EPn (for ½ ¢ n ¢ N-½) 
 

Internal
 
EPs. The

 
internal

 
equivalence

 
points

 
deliver

 
particularly simple formulas. From 

Eqs.
 
(1.53) and (1.54) or Eqs.

 
(1.56) and (1.57), we immediately get (valid for 0

 
<

 
j
 
<

 
N): 

 

(1.76)     semi-EPj: [j -1] = [j]  Ý  
jpKpH=    Ú    x = K j 

(1.77)     EPj:  [j -1] = [j+1] Ý  ( )1jj2
1 pKpKpH ++=  Ú    x = (KjK j+1)

1/2 

 

It yields the following sequence: 
 

(1.78)  n = 1/2:  EP1/2 Ú   pH1/2  =  pK1 

(1.79)  n = 1:   EP1 Ú   pH1    =  ½ (pK1 + pK2) 

(1.80)  n = 3/2:  EP3/2 Ú   pH3/2  = pK2 

(1.81)  n = 2:   EP2 Ú   pH2    =  ½ (pK2 + pK3) 
  ... 

(1.82)  n = N-½ :  EPN-½  Ú   pHN-½  = pKN 
 

Here, the close relationship between equivalence points and pK
 
values becomes evident. 

Each acidôs pK value represents exactly one semi-EP (characterized by half-integer n). 

On the other hand, EPn with integer n are the midpoints between two adjacent semi-EPs. 

It can be summarized as follows:
11

 
 

 

(1.83)    pHn  ¹ 
11
22

1
j nn n 12

31 1
j nn 2 2 2

(EP )(pK pK ) for n 1, 2, , N 1

(semi EP )pK for n , , , N

=+

= ++

+ë = -
î
ì

= -îí

 

 
 

Tab. 1.4  Internal equivalence points of four acids (based on pK values in Tab. 1.1 on page 14) 
 

  

                                                 
11

 The index j is always an integer; the index n is both integer and half-integer. 

N Acid HNA pH1/2 pH1 pH3/2 pH2 pH5/2 

1 acetic acid 4.76     

2 (composite) carbonic acid 6.35 8.34 10.33   

3 phosphoric acid 2.15 4.68 7.21 9.78 12.35 

3 citric acid 3.13 3.94 4.76 5.58 6.4 
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Tab. 1.4 lists the internal
 
equivalence points of four common acids. Internal EPs are 

completely determined by the acidôs pK values (no other information is necessary). In 

this respect, they differ from external EPs which depend on the amount of acid, CT. 
 

External
 
EPs. There are only two external equivalence points (EP0 and EPN). The for-

mulas (which are related to H
+
 or OH

-
 via Eqs.

 
(1.70) and (1.72)) are a bit trickier than 

for the internal EPs. From Eqs.
 
(1.58) to (1.60) follows: 

 

(1.84)     EP0:        [H
+
] = [1]  Ý   x = CT a1  Ý  

)x(a

1

K

x
C

01

2

T Ö=  

 

(1.85)     EPN:        [N-1] = [OH
-
] Ý   

x

K
aC w

1NT =-  Ý  
)x(a

1

x

KK
C

N

2

Nw

T Ö=  

 

Here, the pH values (or x) depend on the total amount of acid, CT. Unfortunately, the 

equations on the right-hand side can only be offered as implicit functions of x: 

CT
 
=

 
CT(x). [The inverse relationship, i.e. x

 
=

 
x(CT), would require root-solving of a 

high-order polynomial.] 
 

The
 
only

 
things

 
we

 
can

 
offer

 
are values for the asymptotic case. As shown in Eqs.

 
(1.104) 

and (1.105), we have a0
 
= 1 for x

 
­

 
¤ and aN

 
= 1 for x

 
­

 
0. The last two equations on 

the far right then yield: 
 

(1.86)  EP0: approaching  pH ­ 0    (or x ­ ¤)  when CT
 
­

 
¤ 

 

(1.87)  EPN: approaching  pH ­ 14  (or x ­ 0)  when CT
 
­

 
¤ 

 

1.4.3 Summary and Examples 
 

The same acidity constants (or pK values) that characterize the N-protic acid represent 

the pH values of the so-called internal equivalent points in the form of Eq.
 
(1.83): 

 

¶ EP  with integer n  (EP1, EP2, ..., EPN-1)  at pHn 

¶ semi-EP with half-integer n (EP1/2, EP3/2, ..., EPN-1/2) at pKn+1/2 
 

In addition, there are two external, non-constant equivalence points located at both ends 

of the pH scale when CT
 
­

 
¤: 

 

¶ EP0: pH ­ 0     

¶ EPN: pH ­ 14   
 

The EPs (external and internal) are arranged on the pH scale in the sequence of 

increasing n, in the way as in Eq.
 
(1.74): 

 

(1.88)  pH0,  pH1/2,  pH1,  pH3/2,  ... ,  pHN 
 

An example of such a sequence is shown schematically in Fig. 1.7 for the triprotic acid 

H3PO4. 
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Fig. 1.7 Classification of equivalence points of the subsystem ópure acidô (example: triprotic acid H3PO4) 
 

pH-CT Plots. Fig. 1.8 shows all equivalence points of carbonic acid (upper diagram) 

and phosphoric acid (lower diagram) in the pH-CT diagram. The internal equivalence 

points (red lines) are independent of CT while the two external EPs (blue and green 

curves) are not. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
Fig. 1.8 pH dependence of EPs and 
semi-EPs for two acids plotted as CT = 
f(pH). These curves are approximations 
valid for the isolated subsystem ópure 
acidô (i.e. without coupling to the sub-
system ópure H2Oô). 
 

The representation as dashed curves (instead of solid lines) in Fig. 1.8 reminds us that 

these are approximations, valid for the isolated subsystem ópure
 
acidô (i.e. without coup-

ling to the subsystem óH2Oô). The general case will be discussed in §
 
2.3. There, we will 

learn that all internal EPs represent the large-CT limit of the combined óHNA
 
+

 
H2Oô 

system. 
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1.5 Ionization Fractions:  Degree of Dissociation 
 

1.5.1 Definition of aj 
 

The N-protic acid HNA comprises N+1 acid species denoted by [j] , where j runs from 0 

to N. Instead of the molar concentrations [j] (that add up to the total amount CT), it is 

convenient to use normalized, unitless ionization fractions a0, a1 to aN: 
 

(1.89)  
T

j
C

]j[
a ¹   for   j = 0, 1, 2, ... N 

 

They form the mathematical skeleton of the subsystem ópure
 
acidô with their typical 

dependence on x (or pH):
12

 
 

 

(1.90)  0j

j

j a
x

k
a öö

÷

õ
ææ
ç

å
=   with      

1

N

N

2

21
0

x

k
...

x

k

x

k
1a

-

ö
÷

õ
æ
ç

å
++++=  

 
 

Combining the left and right equations yields: 
 

(1.91)  

ä=

=öö
÷

õ
ææ
ç

å
=

N

0j

j

j

j

j

0j

j

j

x/k

x/k
a

x

k
a   for   j = 0, 1, 2, ... N 

 

The ionization fractions are solely functions of x (or pH
 
=

 
ïlg

 
x); the only other ingred-

ients are the cumulative equilibrium constants, introduced in Eq.
 
(1.49): 

 

(1.92)  k0 = 1,    k1 = K1,    k2 = K1K2,   ...    kN = K1K2...KN 
 

Due to its definition in Eq.
 
(1.89), the ionization fractions are independent of the total 

concentration CT, which is useful in graphical representations, as shown in Fig. 1.9. On 

the other hand, once we know aj, the molar concentration of the acid species is imme-

diately obtained by multiplication with CT: 

 

(1.93)  [j]  =  CT aj(x)  for  j = 0, 1,  to N 

 

To clearly exhibit the pH dependence of aj, Eq.
 
(1.91) can also be written as 

 

(1.94)  

ä=

Ö

Ö

Ö =Ö=
N

0j

pHj

j

pHj

jpHj

j0j

10k

10k
10ka)pH(a   

 

The ionization fractions are the building blocks of all relevant quantities, which we will 

derive in the next chapters.  
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 It was derived in §
 
1.3.4, Eq.

 
(1.63). 



Acid Base Systems Short Lecture  

 

 Oct 22, 2018  

 

31 

1.5.2 BJERRUM Plots and Special Features of aj 
 

BJERRUM plots (as dissociation diagrams) are a convenient way to visualize the pH 

dependence of the ionization fractions aj. This is demonstrated in Fig. 1.9 for four acids 

(based on pK values taken from Tab. 1.1). 
 

 

Fig. 1.9  BJERRUM plots of ionization fractions for four acids (blue circles denote semi-EPs) 
 

Universality. Ionization fractions have the nice feature that they are independent of the 

acidôs total amount CT. Regardless of the assumed CT (either constant or pH-

dependent), the
 
ionization-fractions curves remain the same ï see examples in §

 
2.4.5 

(H2A as titrant vs H2A as analyte) and §
 
2.4.6 (open vs. closed CO2 system). 

 

Mass
 
Balance. For any chosen value of x (or pH) the sum of all ionization fractions 

adds up to 1: 
 

(1.95)  1  =  a0 + a1 + ... + aN  =  )x(a
N

0j

jä
=

  for any x (or pH) 

 

The ionization fractions are bound between 0 and 1: 
 

(1.96)  0  <  aj  <  1   for all j 
 

They do not become negative or greater than 1. Strictly speaking, the functions will 

come very close to the boundaries, but will never actually reach the values 0 and 1. 
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EPs. The equivalence points, introduced in Eqs.
 
(1.76) and (1.77) can also be defined by 

equating ajôs: 
 

(1.97)     semi-EPj: [j -1] = [j] Ú aj-1 = aj  Ý x = K j   

(1.98)     EPj:  [j -1] = [j+1] Ú aj-1 = aj+1 Ý 2
1

)KK(x 1jj +=   

 

This applies only for the internal equivalence points: 

 

 

The equivalence points are easily recognizable in the diagrams of Fig. 1.9. The semi-

EPs are located at the intersection of two adjacent ionization fractions, aj-1 and aj (mar-

ked as blue circles); the EPs for integer n are at intersections of ionization fractions aj-1 

and aj+1 (marked as yellow circles). Notice
 
that the latter are located at the maximum of 

aj (whose mathematical verification is given in Eq.
 
(B.34) of Appendix

 
B.3.2).  

 

The actual values at the points of intersection are (cf. Eq.
 
(B.36)): 

 

(1.101) semi-EPj aj = aj-1 å İ all other ai å 0 

(1.102) EPj aj = 1 ï 2aj-1 å 1 all other ai å 0 

 

1.5.3 Two Types of aj:  S-shaped vs. Bell-shaped 
 

The distinction between external and internal equivalence points (as introduced in 

§
 
1.4.2) has its deep cause in the fact that there are two types of ionization fractions aj. 

Letôs take a step back and start our considerations from the equilibrium constants (in the 

form of pKj values). 
 

The one, two or N pKj values of a mono-, di- or N-protic acid subdivide the entire pH 

domain into distinct intervals, as shown in the left diagrams of Fig. 1.10. Principally, a 

polyprotic acid HNA with its N pK values generates N+1 intervals: 
 

     0
th 

interval for pH < pK1 

     1
st 

interval between pK1 and pK2 

(1.103)      

     i
th
 interval between pKi and pKi+1 

      

     N
th 

interval for pH > pKN 
 

The j-th interval is the domain where the ionization fraction aj exercises its full 

dominion; see right diagrams of Fig. 1.10. As indicated by the colors, there are two 

types of curves: S-shaped curves in the 0
th
 and the N

th
 interval at the opposite ends of 

the pH scale (red color) and bell-shaped curves in all other intervals (blue color). The 

latter reach their maxima exactly in the middle of the interval. In contrast, the S-shaped 

  condition range pH n 

(1.99) semi-EPj aj-1 = aj j = 1, 2, ... , N pKj j - ½ 

(1.100) EPj aj-1 = aj+1 j = 1, 2, ... , N-1 pHj ¹ ½ (pKj + pKj+1) j 
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curves appear as the two halves of a bell-shaped curve when the opposite ends of the 

two S-shaped curves are glued together (at minus and/or plus infinity).
13

 

 

 

Fig. 1.10  Each ionization fraction aj has its own domain in the pH interval between two adjacent pK values. (HA ï 
acetic acid, H2A ï carbonic acid, H3A ï phosphoric acid) 
 
 

Asymptotic
 
Behavior. At the opposite ends of the pH scale there are only the ionization 

fractions a0 or aN (which attain the maximum value 1): 
 

(1.104) strongly acidic: pH Ÿ 0 (or x Ÿ Ð): a0 = 1 all other aj = 0 

(1.105) strongly alkaline: pH Ÿ 14 (or x Ÿ 0): aN = 1 all other aj = 0 

 

Note: In principle, the pH scale does not end at 0 or 14, but can be extended beyond 

these boundaries (for a mathematician even to -¤ and +¤). 

 

  

                                                 
13

 For a mathematician this isn't even as crazy as it seems (when acting on the complex Riemann sphere, 

for example). 
















































































































































































