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Physico -Chemical Quantities

3 ionization fractions, j& [jJ/C+ T

Alk total alkalinity mol/L
ANC acid-neutralizing capacity mol/L
BNC baseneutralizing capacity mol/L
b buffer intensity nor mal i ZdpHd ) , b = dni

bc buffer intensity ¢ HdCg/dpH=Crb mol/L
Ca concentration of (strong) monoprotic acid €[HX]+ mol/L
Cs concentration of (strong) monoacidic base=(JBOH]+ mol/L
Cr total concentration d-protic acid: G = [HNA] T mol/L
d; KRONECKERdelta,d; =1 for i=j, and d;; =0 for i, j i

EPR, equivalence poinff¢r integer and halinteger n) T

I ionic strength mol/L
9 activity correction for species | i

DG’ GiBBS energy change Jmol

| index denoting the aqueous: i

] molar concentrationf aqueous species j: [j] = [HAY] mol/L
{i} activity of aqueous species j: {i} ={H A"} mol/L
Ka acidic constant (general abbreviation) mol/L
Ka conditional acidic constant (neghermodynamic quantity) mol/L
K; acidity corstant of dissociation step | mol/L
Ki cumulative acidity constant, e.g.kK1K>...K; (mol/L)
Kw equilibrium constant of autoprotolysis (s@hization of HO) (mol/L)?
n equivalent fraction of titration, n = 0 Ca)/Ct |

N number of protons (H of the N-protic acid HA i

pH =ilg{H"} ° ilg[H] = ilgx i

pH; = %(pK; + pKj:+1) as pH of equivalence point EP i

pk; =Tlg k; i

pK; =Tlg K; |

T temperature in Kelvin K

R gas constant (R = 8.314 J mK™) J mol*K™
X abbreviation for [H] mol/L
YL L™ momentconstructed fromja Y. = S;j" 5 i

w(X) 6pure wat wt[OH]a [Hi]F K.@#xd x mol/L
z charge of species | i

Z charge of highest protonated acid species |

Units and Conversions

L liter (L L=1dni=10°m?

M molarity (1 M = 1 molL)

mM 1 mM = 10° mol/L

lg x decadic logarithm (= logx)  conversion: Ig x = (Ix) /(In 10)
Inx natural logarithm (= logx), conversion: In x = (110)(Ig x)
In10 =2.303
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Definitions & Abbreviations

Acid Species. TheN+1 aqueous species of the polypramdH\A are abbreviated by:
(0.1) [t [HnAZ for j=0,1,2,..N

wherethe integey also labels thelectrical charge of species j:

. Z =0 for common acids
with

0.2) Z=21] Z2 1 for zwitterionic acids (amino acids

Total Concentration. Thesumof all speciegjields thetotal concentration of the acid:

(0.3) C,* [HA] = g [ (mass balance)

=0

lonization Fractions. lonization fractions are ratios of the aggeciesconcentrations
to the total amount of acid:

[i] _
(04) aj 1 C_ for ] = 0,1, 2, .N
T

Activities vsConcentrations. In chemicalthermodynaics one has to distinguish bet
ween molarconcentrationandactivities(cf. AppendixA):

1 concentrations will be denoted by square bracket$j]
1 activities will be denoted by curly br&ets  {j}

x and pH. The molar conceration ofH* will be abbreviated by x:

(0.5) x t [H7 = 107" U pH =1 lgx

[This is an approximation since pH is based orattavity of H": pH=1 Ig{H"}.]
H.0. Theautoprotolysis (selfonization of water)s defined by

(0.6) H,O = H" + OH with Ky = [H'][OH]

andK, =1.0-10% at 25°C. Using x=[H"], weget

(0.7) [OH] = Kuw/Xx
In this contexive introduce the quantity

‘ K
(0.8) w t [OH ]-[H"] ZTW-X

For pure water, i.e. in the absencen¥ acid and basee havew = 0.

1 To be more precise, Kis defined for activities: = {H "}{OH }.

Oct 22, 2018 7
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| NTRODUCTION

The lecture is focused on the mathematical description ofbesd reactions in water.
This is not new; e theory has been known for more tha@0 years.Three main
concepts were successively developed during this period:

1 In 1884,ARRHENIUS provided the first modern, molecuhased definition: an acid
is a substace that releases’Hn water; a base is a substance that releasés|®H
this way, he predicted the dissociation imbms even before charged elementary
particles were accepted and established (in the late 1890shdHare just protons.

1 In 1923,BRaNSTED andLOWRY extended the concept with the idea that an-bask
reaction involves grotontransfer from a proton donor (the acid) to a proton
acceptor (the base). The solvent no longer has teaber, as the new concept also
applies to liquid ammoaj alcohol, benzene, and other raaueous solutions.

1 About 15 years later, G.N.LEwIS went one step further and stretchedh e fA-pr ot on
t ransf er oconventioralacpmds and Hases to the much broader concept of
el ecpair ontr ans f ralsobe uskdfer ligarmetal ienrcooiaation
reactions and substitution reactions in organic chemistry.

The essence of each concept can be summarized as follows:

acid base
Arrhenius (1884) contains H contains OH
BragnstedLowry (1923) proton (H) donor proton (H) acceptor
Lewis (1938) € pair acceptor € pair donor
The relationship between all three )
concepts can be visualizedagenn Lewis
diagram where the most genelawis
concept encompasses b&RINSTED Bronsted- .
LowRyY theory andARRHENIUStheory. 3
Lowry 2
oQ
m
: ®
Arrhenius )

Fig.0.1 Relationship beten acidbase concepts

The protortransfer mechanism makesidbase reactions very fast, so that chemical
equilibrium is always established ie shortest time. This allows ¢happlication of a
purethermodynamiaescription {hile slowreactions, suchsredox processes, require
moresophisticatedineticapproaches The framework was established loago in form

of the Law of massction (by GULDBERG and WAAGE in 1864), whee the equilibrium

Oct 22, 2018 9
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state is characterized by one single quartithe equilibrium constarkK. In modern
chemistry this is deriveffom GieBBs energy ¢riginally established ii1873).

If one speaks of acids or bases, one inevitably speaks pHtkalue This fundamental
quantity, which appears in all formulas, is a measure of theohicentration. Therefore
it is quite naturato prefer theprotontransfer concepdf BR@NSTEDand LOWRY in the
present lecture.

Structure of the Lecture

The lectureconsigs of four partsChaptes1 to 4. Chapterl beginswith the description
of polyprotic acids A with any number of protonsl. UsuallyN is a small number

1, 2 or 3 f@ monoprotc, diprotic and triprotic acids so why all the effort for highdd?
The answer is tleefold. First, there are indeadids with up to 6 protons (see EDTA in
84.1.4onpage97). Secondnewanddeepeinsightis obtainedy treatingN asa variable
integer (seee.g. classification of equivalence points i28). Third, the approachan
easily be appliedo other chemical equilibrisuch asredox reactions,hydrolysis or
metatligand complexatiorfwhereN is usually high. The goalof Chapted is to bundle
a set ofN+3 nonlinear equations intosangleanalytical formula.

In Chapte®, thetwo-compamentacid system (KA+H0) of Chaptel is extended by
strong base ta threecomponentcid-base systenit opens the door to the description
of acidbasetitrations. Chapte thenintroduces bfier capacities and buffer intensities
In Chapte#, the mathematical description is applied beytherealm otcommon acids
to zwitterions ando surface complexation.

Final Note. The presented matimatical frameworkof andytical formulaswidens our
understanding of the aclohse systentowever,it will and can never replaceumert
cal models likePHREEQC, AQION or othersoftware which are able to handle resbrld
problems (includingactivity correctionsan arbitrary nmber of species and phases,
agueous complex formation, etc.).

10 Oct 22, 2018
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1 POLYPROTIC ACIDS

1.1 Whatis an Acid?
1.1.1 Proton Transfer

An acid HA is gprotondonor; it release$d” ions (or HO") when dissolved in water:

(1.1) HA = H + A
(1.2) HA + H,O = HiO' + A
In the following we prefer the shdmandnotation of Eq(1.1). Howeverkeep in mind

that H ions do not exist in a fre¢ate; they are extremely reactive and form hydronium
ions HO".

The definition of acids aprotondonorsis fully in line with ARRHENIUSD  n othai o n
acids are substances that contain and reledsend. In the case of bases, however,
both concepts diffe

ARRHENIUSbase: contains OH (e.g.NaOH, KOH, NHOH, ..)
BRoNSTEDLOWRY base:  H" acceptor  (e.g.OH, CI, NHs, ..)

This allows allARRHENIUS base$to be combined into a single’ldcceptor equation:
(1.3) OH +H" = H,0

Now somethinghewcomes into playthatARRHENIUS conceptdoes not haye conjuga
tedacid-base pairsAdding Eq.(1.3) to Eqg.(1.1) yields

]
(1.4) HA + OH = H0 + A
(1.5) acid + base =  conjugate acid+ conjugate base

(of baseOH) (of acid HA)
J

In this overall reaction, H ions do notappear(because they are transferredvisgn
conjugate acibase pairs H' ions only appeaiin fihalf reactions, suchas in Eq. (1.1)
or Eq. (1.3):

(1.6) acid = H' + conjugate base
(proton donor) (proton acceptor)

Eq.(1.6) is a general concephat also applies to polyprotic acids, namely for each
individual dissociabn step (as showim Egs.(1.17) to (1.19) on pagéd.3).

2 An ARRHENIUSbasecan be abbreviated, sayy BOH where the cation'Btands for N§ K*, NH," etc.

Oct 22, 2018 11
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AutoprotolysisOnevery special casef Eq.(1.4) is the seHdissociation of water:

(L.7) H,O + HO = KO + OH

Here, water actas an acid and abaseat the same timeSuch substances anamed
amplolytes

1.1.2 Acidity Constants

The equilibrium constanof reaction(1.1) is calledthe acidityconstant There are two
types of acidity constanfts

(1.8) acidity constant: K, = % (based oractivitieg

(1.9) conditionalacidity constant: °K._ = (H[A']

a (based orroncentrationp
[HA]

Both equabns arespecial type of thelaw of massaction The value oK, signifiesthe
strength of the adi(strong acidsKj, large;weak acidsK, smal).

Activities. Activities ar e 0 ed d reccd i twhight daro be <dculated Bemi
empirical activity coredions9; (cf. AppendixA):

(1.10) activity (effectiveconcentration): {i} 0= 2

The activity correction depends on the ionic strerigth dilute systems (loveoncen
trated watersthe ionic strength is very small %0 ) gnldso that activitiesand
concentrations are almost the same.

Note: The mathematical derivatioris this lecture relyon concentrations (not activitiegjhus,
the obtained resultare valid either in diite systems or by usirtge conditionalacidity constant
‘K. We consider it as an assumption thatliagpto the whole text (and skip the srdaliter
superscript ¢ ofiK,). This remarkabout activities/concentrations so important that wavill
returnto it throughout the text

IgK. In practice, iisoftenconvenient to use the (ba%6) logarithmic form otq.(1.8):
(1.11) lgKa = Ig[H]+Ig[A] i Ig[HA]

The negative decadic logarithm of the acidity constathtedeabbreviated by pK
(1.12 pKa = TlgKa

which parallels the definition of pH as ptilog[H']. In this notationEq.(1.11) con
verts to

(.13 pKa = pHi Ig[AT] +Ig[HA]

% In addition there are alsmixedtypeconstants based on activiti@sd concentrations inside the mass
action law.

12 Oct 22, 2018
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This can also be written #ise secalledHENDERSONHASSELBACH equation

(1.14) pH

= pKa+

Al

g pKa +

[HA]

[proton acceptor
[proton donor]

Here the termlg[A7)/[HA] vanishe for equalconcentrations. In other word$iet pKa
value is just the pH at which the amountboth species isqual, i.eat which 50% of

the species HA g dissociated into specids Therefore
value is alsocalledthe 6 s e mi

Eq.(1.76).

it o

S nothesplegr pri s e
e qui viaror mmoet thip topiin §164.2

The pk; valueallows a classificatin into strong and weak acidéietsmaller the pkK
the stronger the acidquite the opposite to a;ased rankg (see Eq(1.20)).

GiBBs Energy. There is a fundamental link between the equilibrium caorndfaand the

(change of)GiBBS energy

(119

pG8=i RTInK

where R=8.314Jmol*Kelvin™ is the gas constant and T the temperature efvik.
This equation can be rearrangedgo | K :

(1.16) IgK =

[BO
" IN10GRT

mo
" 2.303RT

or pK

mo
~ 2.3030RT

An examplefor the relationship betweeseverapK values(of a triprotic acidyand DG®

is givenin Fig. 1.6 on page?2.

1.1.3 Mono-, D+, and Triprotic Acids

Acids can @nate one, twoor more prétonsH®. Typical examples are:

Monoprotic acid (HA) Diprotic acid (KA) Triprotic acid (k)
HCI HCQ HPQ

HNQ H.SQ H:AsQ

HI H,CrQ HBO,

HF H,SeQ citric acid

formic acid oxalic acid

acetic acid

A monoproticacidis characterized by a gjle acidity constant K(= K;), adiprotic acid
by two acidity constants (iKK5), and ariprotic acid by three acidity constants;(K»,

andK3):

(1.17) 1% dissociation step HsA = H" + HA
(1.18) 2" dissociation step  H,A” = H" + HA®
(1199 39 dissociation step  HA? = H"+ A3

K1
K>
Ks
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Ranking. Protons are released sequentially one afterdther, with the first proton
being the fastest and most easily lost, then the second, and then the third (vilinch is
most strongly bound). This yields the following ranking of acidity constants of a poly
protic acid?
(120) Ki>Ks>Ks or pKl < pKz < ng

For example, phosphoric acid has K2.15, pk=7.21, and pK=12.35.0ther exam
ples for acidity constants are listedTiab.1.1.

Tab.l1 Examples fpK =IgK forfour common acids
Acid Formula Type pKy pko pks Ref
acetic acid CHCOOH HA 4.76 [M91]
(composite) carbonic acid| H,CQ HA 6.35 | 10.33 [WI1]
phosphoric acid H:PQ H:A 215 |7.21 |12.35 | [M91]
citric acid GHsO, H:A 3.13 |4.76 |6.4 [M91]

In addition tofi ¢ 0 mmo n, theere iard alsp zwitterionic acids (amino acids). The
latter are described ingL

1.1.4 Strong Acids vs Weak Acids

Strongacids dissociateompletelyin water,while weak acidslo not dissociateomple
tely. In other words, the stronger the acid, the higher is thecthcentration at
equilibrium. A classification based @i, values(acidic strength) seems natural.

Monoprotic Acids. Let us cosider a monoprotic acid witihetotal amount €I
(which is de facto the addds i n
state, the total concentration splits into its undissociated and dissociated parts:

(1.22)

Cr = [HA]+[A]

It oal

C @ dissavajt Im thetequoibmiumb e f or e

Strong and weak acids then differ as follows (greatly simplified):

Strong Acid Weak acid
acidity constant Kl 1 KK ™
pKa=-lg K pKa<O pKa>0
[H] = 10°" [H& +F / HIL G
undissociated acid wl ! 8 F wl ! 6+ F
dissociated acid [A6 1 F / [A]L G

* In organic acids, the secnd third acidity constants cha similar.

[ HA]

® The composite carbonic acid the sum ofhe unionized species G@q) and the pure acitt,CO; =
CO,(aq) +H,COs. To simplify the notation we omit the asterisk (*) lsCO;  throughout the paper.
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In literature, there is nolear distinctionbetween what we call a strong acid and what
wecallaweakacid. More refined classdation schemes distinguisietween very strong
acids, strong acidsyeak acidsandvery weak acidsThe easiest way is a subdivision
into two groups:

i strong acids acids with pk <0
1 weak acids: acids with pk >0

Polyprotic Acids. The idea remains valid even fbl-protic acids, RA. The acidity
constant K should be replaced by thiest dissocidion constant K The mathematical
description is quite simpife

[HNA] (o] 1
C; 1+K,/x

(1.22) undissociated fraction ay ! with x = 10°"

Fig. 1.1 displays thgoH dependence of thendissociated fractiog, for common acids,
based orEq.(1.22). The small circles mark the corresponding pElues. As expected,
strong acids are completely disgied in realworld applications (pk+0).

strong acids i weak acids
]
I I I

2 10 | na
w 09 NN Jﬁ AN ——H2504
Q | N\ N N \ HNO3
o 08
S 07 - \ |\ \ —— H3PO4
g 06 - \ S \ citric acid
= 05 —O e’ o} R—O—o—%ﬁ_ formic acid
E 04 - [ acetic acid
© 03 - \ \ A \ —H2C03
s O
8 o5 | AL
w 0.2
0 \ \
-g 0.1 N \
3 00 e — >

7 6 5 4 3 2 -1 0 1 2 3 4 5 6 7 8 9 10 11

\ y ) pH

beyond real-world
applications

Fig.1.1 Undissociated fraction of some commors#aoidg acids are completelyctissdn the whole pH
ranggpegi nning at pH & O

® The exact formula for the ionization fractioniggiven in Eq(1.62).
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1.1.5 Weak Acids vs Dilutécids

A weakacid and alilute acid are two different thingtike apples and oranges. The first
relies ontheacidity constants K(which is a thermodynamic property of the acid that no
one can changewhile the second relies on the amountdf a given acid

weak acid® strong acid U small K, & large Ky
dilute acid2 concentrated acid U small G 2 large G

You cannot make a weadcid strong, but you cachange the degree of dilution (or
concentrdon) as you like Tab.1.2 summarizeghe principal differences between the
degree of strength anldedegree of dilutionFor polyprotic acids replace Ky Kj.

Tab.1.2 Comparison betweksgree of strength and degree of dilution

Degree of Strength Degree of Dilution

determined by acidity constant, amount of acidz;

weak acid® strong acid
relationships smallK 2 large K
(positive pk @ negative pk)

dilute acid?® concentratedacid
smallG2 large G

compares two different acids dilution of thesameacid
describes release of H dilution of H

tvoe fundamental property control parameter
yp (cannot be changed) (can be changed

Instead of Kthe dassifica- pK
tion can also be based on

pK, as indicated by the

scheman Fig. 1.2. (Note: dilute concentrated

For polyprotic acidpK weak acids weak acids

refersto the first dissocia

tion step, i.e. tpK;.

p ®K1.) 0 C,

dilute concentrated

Fig.1.2 Relationship between strong acids strong acids

weak/strong and dilute/cdretex

acids
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1.2 Basic Set of Equations
1.2.1 Special Case: Diprotic Acid

Before we tackle thenostgeneral
C a s e stdrtsingesandonsider
the example of diprotic acids

acid H,A

OH"

Short Lecture

H,A
HA
A-Z
H*

sapads g

OH-

pure H,0
Fig.1.3 Addition of a diprotic acid to water
results in an equilibrium state with several species

[> HO+HA

2 components

When a diprotic acid pA is added to pure watethe equilibrium statds characterized
by five dissolved species: 'HOH, H,A, HA", and A? (seeFig. 1.3). Thus,five equa

tions are required forthoroughmathematical description:

(1.23 Kw ={H}{OH?}

(1.24) Ki = {H}{HA }/{H A}

(1.29) K: = {H}A/{HA}

(1.26) Cr = [HA]+[HAT+[A]

(1.27) 0 = [HAT+2 “fl A[OH] T [H']

(selfionization of HO)
(1% diss. step)

(2" diss. step)

(mass balance)
(charge balance)

The first three equations ameassaction laws (of the type of Eq(1.8)); the two last
equations represent thmassbalanceand thechargebalance While the massction
laws are based oactivities (denoted bybraces), the madsalance and chargmalance
equations rely on molaroncentrationgdenoted by square brackets3eeFig. 1.4.

law of mass action

Ky = {H}{OH} based on
Ki = {H'}{HA}/{H,A} activities {...}
K, = {H'}{A?}/{HA}

~ mass balance

C; = [H,A] + [HA] +[A?]

based on
. <

concentrations [...] charge balance

0 = [H]-[OH]- [HA]-2[A?]

Fig.1.4 Diprotic acid system:
Equations based on activities vs
equations based on concentra
tions

Oct 22, 2018
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Note: The total concentration of diprotic acid is abbreviated by G [H2A]+r. This
guantity should not be confused with tieutral dissoved acid species HA(aq) and its
molar concentration [].’

As summarizedn Fig. 1.5, the mathematicaldescription of the diprotic acid system
relies on twacomponentgor subsystemjsplus a coupling term

1 commnentH,O (subsystenii p ur e ) w aéseribed by Eq1.23)
1 componentbA (subsystem) i pdesribed hydEgs.24) to (1.26)
1 coupling of both subsystems desribed by Eq(1.27)

In fact, thetwo subsystems alenked togetheby the chargdoalance equation.

pure H,0 diprotic acid
K, = {H'}{OH} S = Iy
K, = {H}{A?}/{HA}

I C; = [HAl+[HA]+[A?]

Fig.1.5 Diprotic ag¢ system:

The subsythenmnd 0 = [H]-[OH]-[HA]-2[A7]
t he subsarescoupled 6 ac. uo
bythe chargbkalance equation charge balance

1.2.2 General Case: Polyprotic Acidsy@)

Given is arlN-protic acid HA. It is characterized by

N+3 species (variables): H*, OH, HyA, HyaA ..., AN
N

J

Y
N+1 acidspecies

Hence a completenathematicatlescription is provided by a setld#3 equations

(1.28) Kw ={H}{OH?} (seltionization HO)

(129 Ky = {H'}{HnaA}/ {HuA} (1% diss. step)

(1300 Ko = {H}H{HN2AY/{H 1A} (2" diss. step) | 2 §
“ee ?—Jp s

131) Ky = {H}A N}/ {HA D) (N™diss.stp) | S %

(132)  Cr = [HNA]+ [HaaAT+ .. + [AN] (mass balance)] @

(133 0 = [HwiA]+2[HnoA + ... +N[A™N] +[OH] 1 [HY] (chargebal.)

" The undissolved (elém-neutral) species is sometimes abbreviated $4°H

18 Oct 22, 2018
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The mathematical sicture is simar to thatof diproticacidsin §1.2.1 All massaction
laws, i.e. the firsN+1 equations, are based awtivities {j}, while the mass balance
and charge balance, i.e. the last two equations, rely on nuoleentrations j].

This set of equationsepresents aaxactdescriptionof the N-protic acid;however due
to the presencef activitiesin the massactionformulas (requiringactivity modelsas a
prerequisitg this set of equations can only be solvednerically(by computey.

Thus, n orderto deducesimple closedform expressions (i.e. analytical formagjawe
must thereforeeplaceall adivities with molar concentrations

(1.39) {4y - 0l (requiremat for closeeform expressions)
This approximations valid either invery dilute systemor by usingconditionalequili-

brium constant&K asintroduced in Eg(1.9). In the following we assume that this has
been done (withoutlicitly specifyingit by °K in the notatiol Thus we have:

(1.35) Kw = [H'][OH] (selfionizationof H,O)
(1.36) Ky = [H'][HnaAT/ [HNA] (1% diss. step) o o
(1.37) Ky = [H'T[Hn2A?]/ [HaaAT (2" diss. step) | 2 S
(138 Ky = [HTT[A™N]/[HA ™Y (N"diss. step) | § %
(1.39) Cr = [HNA] + [HanaAT+ ..+ [AN] (mass balance)) ©

(140) 0 = [HuwaA]+2[HnoA2 + ... +N[AN] +[OH]i [HY] (chargebal.)

This set of equations is thmasis forall subsequent investigation&s a warmup, the
next paragraph starts with the subset of Eg36) to (1.39) that defines theubsystem
i pur e taxbibitstbe.mailfmathematicaljeatures of the acid in its clearest form.

Oct 22, 2018 19
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1.3 The{ dzo & & ®ureSAYid &

This paragrapiocuseson t he s ub sy dgéseribed Byphe subsetasitli d o
equationg1.36) to (1.39). In other words, e sel-ionization of water, determined by
Eq.(1.35), and the chargbalance equatiofi.40) will be ignored.

1.3.1 Notation

Given is anN-protic acid withatotal amoun{molar concentration)
(1.41) Cr ' [HNA]T = TOT HVA

This acid is characterized BN#1 species:

1 undissociated species  HyA(aq) (electreneutral)
N dissociatedspecies: HhaAY L, HAND AN (anionig

To keep the notatiosimple we abbreviate the molar concentratioofsthe dissolved
species by

(1.42) [ ¢ [HnjA] for j=0,1,2,..N

The symbol is an integer thatlsoindicates the negative charge of #peciegwhich
is equal to the number of released prejon

(143 zi = 07 ]

Thus,specieqd0] stands fothe electreneutral undisociatedspecies WA(aq).? In each
dissociation step is enhanced by (i.e. by releasing one protan)

(1.44) j™ dissociation step [i-1 - [
where, according to thHeq.(1.6), the conjugate acidase pair is composed: of

(1.45) acid: [-1]

-th - ..
(1.46) conjugate base: i } of | dissociation step

The molar concentrations of all species add upédotal concentratio@y:

(1.47) mass balance: C, = aN‘ [j] = [0]+[1]+...+N]

8 This quantity should not be confused with the total amount of acigh]jH
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lonization Fractions. Instead of usinghe N+1 acid specief], it is moreconvenient to
work with ionization fractions(as ratios of the acidpeciesconcentratiorto the total
amount of aciyl

(1.49) a1 )] for j=0,1,2,.N
G,

1.3.2 Stepwise and Cumulative Dissociation

As already discussed in1§1.3 amonoproticacid is characterized mpnesingle acidity
constant K(=Kj), adiprotic acid by two acidity constant&{, K,), and ariprotic acid
by three acidity constants (KK», Ks):

1% dissociation step HsA = H" + HA K,
2" dissociation step  H,A” = H*' + HA™ Ko
39 dissociation step HAZ2 = H"+A® Ks

The three reaction stef a triprotic acid can also be written as:

HaA = H + HA ki = Kq
HaA = 2H"+ HA® ko = KiK»
HA = 3H"+ A7 ks = KiKoKs

So we have two typesf representatianThe first representation describes stepwise

release of one single'Hn eachdiss c i at i on s tnatpre Woiks);dessecondi e way
relates each dissociategecies directly to the undissociatadc i d b y-p rao téranmud t i
cumulativerelease. Theatter is a mathematical trick to simplisome ofour further
calculations.

The transitionto the second representatidim Tab.1.3) requiresa new set of mass
action lawsbased orcumulativeacidity constantki, ko, to ky:

Kl = [H+] [HN_]_A-] /[HNA] kl = [H+] [HN_]_A-] /[HNA]
Ko =[H7[Hn2A?]/[HnaAT v ko =[H7%[HnoA™]/[HNA]
Kn = [HTIA™N/[HA Y] kn = [HTV[A™M/[HWA]

which are products df1, K; etc:

for j=0

(1.49) k. =3 _ _
for j>0 and j ¢N

61
|
P KKK

j

In addition, k= 0 for j values outside this range, i.e. fuggative jand forj > N.

Oct 22, 2018 21



Acid Base Systems Short Lecture

Tab.1.3 Acidspecies antheir cumulative aciddgstantén the new representation)

j |species equilibrium reaction | cumulative acidityconstant

0O |[0]* [HvA]  |HNA=HA Ko = [HVAI/[HNA] =1

1 |[1]* [HnaA]  |HWA = H+ HpA ki = [H][Hn2AT[HNA] =K

2 [[2]t [H2A?Y  |HNA = 2H+ HioA? | ko = [HP[HWAYHRA] = KK

N [IN*[AY] |HA =NH"+ A" k= HIMAZHWAL - = KKo» Ky

In logarithmic scaleysing the common definition fqk; * T7lgk;, Eq.(1.49) becomes

(1.50) ki = &0 or 179
- P =1 bk, +pK, +- K, for j>0 and j ¢N
This simpleadditive relationship is illustrated in AGY/(2.303 RT)

Fig. 1.6 for the triprotic acid where thepk and

pK; valuesare plottedbn a GiBBS-free energy axis
( TS R 3H* + A3
pK;
pk, --t---Y---z--- 2H* + HA?
pK,
pk, [ H* + H,A
Fig.1.6 Relations between pkpiKdalues on@BBsfree I pK,
ener gy9fanatriproti¢ api 0 --le—-¥o. HaA

In contrast tk; values whichcan be sequencedonganenergyscalg like in Fig. 1.6,
pK; values are sequenced optascalei seeFig. 1.7 on pageo.

Note. The cumulative acidity constanf &ould not be confusedith the cumulative
equilibrium constant for complex formation denoted iyy(stablity constants) Acidity
constants ardissciation constantsyhile complexformation congantsareassociation
corstants.
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1.3.3 GeneralizedHENDERSGRIASSELBACEQUatiors

The two representatior{se. thestepwiseandthe cumulative dissociatiomtroducel in
§1.3.2 can bebroughtinto amorecompact form

reaction formula law of mass action
(1.51) stepwise HagnpA D = H + Hy Al K, = ﬁ
. . + -1 Xl Pi
(152) cumulative | HnA = jH” + Hy A’ k, = % =K KK,

Eq.(1.51) represents thé"jdissociation step characteeid by K (where j runs from 1
toN). In contrast, Eq1.52) is a representation foi+1 reactions (where j runs from 0
to N), including the trivial caselyA = HNA with ko=1.

Eqgs.(1.51) and(1.52) providethe pH (or x) dependence for concentration ratios

[i] _ﬁ (1=10-1] - — K

(153) —[J-]_] = » > X Kj
- [+1] = j-1]

(154 —HJ“E = %K;l > x = (KiKj)™
Ol ok KK, K

(159 [0 x  x x x

Thus,by knowing the concentration e single species, say [j], we are ablealcu
late all otherconcentrations, i.e. the complete equilibrium distributionafagiven pH
(or x). Under specific conditions (indicated by thkie arrows) the first two equations
simgify and definetwo types of equivalence points, whielil be discussed g 1.4.

In logarithmic form, he first two equations are generalizations of HENDERSOMN
HAsseLBACHformula introduced in Eq1.14):

n 01=10-1]
K + lg 1
P g[J'-1]

\ 4

(1.56) pH pH = pK,

[J:+1] [+1] =[-1] oH = pK+pK,,
[i-1 2

v

(pK,-+pK,-+1) + g

N

(1.57) pH
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1.3.4 ClosedForm Expressions

Using Eq(1.52), the subset oN+1 equationg1.36) to (1.39) simplifies ta

2 5
(1.58) [j] = %{ig[O] (N dissociatiorequations, ¥ 1 toN)
Q -
N Nk,
(1.59 C.=all =10 a X—j (mass balance)
=0 =0

In the pureacid caseCr itself is irrelevant. Dividing both equationdy Cr, and we get
with g =[j]/C:

ak, @
(1.60) a = é%(_igao
1.61 1= a = 1 = +1424 4N
(e A3 =8 T a@e i

(1.62) 9 = §%+ﬁ+k—§+...+k—“‘6 = Sty 12

Knowing &y, all other ionization fractions; @anbe calculated by Eq1.60). Thesd of
ionization fractiong i.e.thenormalizedacid-species distributioin contain alltheinfor-
mati on about t hystem.6More rabouiamizatioth gractions bwvdl be
presentedn §1.5.

Summary. Given x(=10"", the species distribution of thé pur e aci d o
completely determined byéhset ofN+1 ionization fractiongfor j =0, 1, ...,N):

-1

Qo
~

a, with aO:%+ﬁ+_2+m+k_N
¢

(163 a 2 N

1
O
1-GDO
X | x
- OO,

° Cr becomes relevant only when, in addition tgAtHothercomponent®r subsystemare present (like
H,O and/or other acgland bases).

24 Oct 22, 2018
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InverseTask. The inverse task is to calculate x or pH frangivenay (or any other @
This leads to a polynomial of ordHrin x (as derived in Appendi®:

o N . 0
(1.64) 0 = const&™'+ g kxM' with  const= g— ¢
i ¢ & 85

Example For a diprotic acidH,A, Eq.(1.64) reduces to guadraticequation(which can
be solved quite easily). jlamiwénsto lsukate the
comesponding X. The steps are as follgwste that k= 1)

1-
0= ao""°x2 Kx KK,

0=x - Bx KJ, with a:%

Thepositiveroot of this quadratic equation is

ak. a 4K
16 X = 1a +[1 +—2
(169 Zé a K,

Usually, K»/K; <1 and the second term in the square root can be neglected.fédhen,
a0 =% (i.e.a = 1) we get thsimpleresult x = K.
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1.4 EquivalencePointea ¥ { dzoaeauasSy
1.4.1 Definition of ER

An equivalence point (EPis aspecial equilibrium statat which chemically equivalent
guantities of acids and bases have been mixed:

(1.66) equivalence point: [acid] = [base]

This conceptlsoapplies taanyconjugateacid-base pair

(1.67) equivalence point: [acid] = [conjugate base]

Thus, apolyproticacid givesriseto awhole series of E§ becausé as we have seen
Eqgs.(1.44) to (1.46) 1 each dissociation stepy releasingneproton) relatesraacid to

its conjugate bas& hereby, wo types of equivalence poirdbould bealistinguished

(1.68) ER: [i-1]
(1.69) semiER: [i-1]

[+1]

[l

The definition of ER remains valid forj=0 and N, if we extend our notation and
identify [-1] by [H'] and N+1] by [OH]. It yields:

(1.70) EP: [H] = [1] (forj=0)

(.71 ER: [i-1] = [j+1] (forj=1, 2,..N-1)
(1.72) EPR\: [N-1] = [OH] (forj=N)

and

(2.73 semiER;: [1-1] = [i] (forj=1,2,...N)

EachEP is the midpoint betwedwo adjacensemitEPs(aswill be shown in 8..4.2.
An acid H/A hasN+1 EPs (the same number as the number of acidespgausN
sami-EPs. In totalthere are R+1 equivalence pointgalled EPR,, where nruns over all
integer and halinteger value®

(1.74) n=04%12%,2.N2N

121 9
According toEqgs.(1.70) to (1.73), ER, is defined by

e[n-4=[n+] for n=0,1,2> ,N (EP.,)

1.7 ER, U .
(1.79 "l n-i=[n+y forn=123> N-1 (semiER_ ;)

9 The choice of the small latteras the index in Efs not accidental. The deep relationship between EP
and the variable n =gICy, where G is the amount of strong base, will be discussed in Chapter

26 Oct 22, 2018
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1.4.2 Correspondencéetween ER and pH,

An equivalencepoint is aspecialequilibrium statehatis characterized by ongpecific

pH value ER,U pH, (or ER, U x,). The correspondenaean be easily established.

Before we start, however $ usefulto make a distinction between-soal | ed O6ext er
andéoi mtaé ® EPs thétadoutsrraostaquigalerce pointsBRd ER from

the rest:

1 externalequivalence points EP,and ER
1 internalequivalence points all other ER (for %2¢ n ¢ N-%2)

Internal EPs. Theinternalequivalencepointsdeliverparticulaty simple formulasFrom
Egs.(1.53) and(1.54) or Egs(1.56) and(1.57), we immediatelyget(valid for 0<j <N):

(1.76) semiER: [j-1] = [j] Y pH=pK U x=K;
(L77) EPR: i-11=[+1] Y pH=1(pK +pK,,) U x=(KKjm)"?

It yields the following sequence:

(1.79) n=1/2 EPy, U pHyp = pKy
(1.79 n=1: EP, U pH; = % (pK + pKy)
(1.80) n=3/2 EPy, U pHszp = pKa
(1.82) n=2: EP, U pH:, = % (pk + pKy)
(1.82 n=N-Y%: EPvy. U pHns = pKy

Here, the close relationship between equivalence points amdlp&s becoms evidet.
Each aci doés mskexactlyg bne senttP Ehanacteszed by halhtegern).
On the other handR, with integer n are the midpoints between two adjacent-&#ai
It canbe summarized dsllows: ™

? %(pKn +pKn+1) for n =11 2’ ' N -1 (EH:n)
(1.83) pH, * |

o

K for n=4,3,...,N < (semi ER ;)

n+

i

N

Tab.1.4 Internagquivalence poioffour acids (based on pK valleshih.1 on pagé4)

N | AcidHA pHy2 pH; PHs/2 pH; PHs/2
1 | acetic acid 4.76

2 | (composite) carbonic acid 6.35 8.34 10.33

3 | phosphoric acid 2.15 4.68 7.21 9.78 12.35
3 | citric acid 3.13 3.94 4.76 5.58 6.4

' Theindex j is always an integer; the index n is both integethalf-integer.
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Tab.1.4 lists the internal equivalence points of four common acidisternal EPs are
compl etely determined by the acidbds pK
this respectthey differ fromexternalEPswhich depend on th@mount of acidCy.

External EPs. There are onlywo externalequivalence pointéER, and ER). The for-
mulas(which are related to Hor OH via Eqs(1.70) and(1.72)) area bit trickier than
for the nternal EPsFrom Eqs(1.58) to (1.60) follows:

1

v . x?
: ; 1= = c.=2_8
(1 84) ER [H] [1] Y x=CGagqg Y T Kl ao(x)
. K .
(185 ER: [N-]=[0OH] Y Cia.,=—"* Y C, = Ky 'jN &t
X X ay (X)

Here the pH values (or x) depenan the total amount of acid,;CUnfortunately, the
equations on the rightand sidecan only beoffered as implicit functons of x:
Cr=Ct(X). [The inverse relationship, i.e.=x(Cy), would requirerootsolving of a
high-order polynomial

Theonlythingswe canofferarevalues for the asymptotic cas®s shownin Eqs.(1.104)
and(1.105, we have g=1 for x- © anday=1 for x- 0. Thelasttwo equation®n
the far right tha yield:

(1.86) EPy:: approaching pH 0 (orx- =) when G- =
(1.87) EP\: approaching pH 14 (orx- 0) when G- ©

1.4.3 Summary and Examples

The same acidity constants (or pK values) that characterizé-finetic acid represent
the pH values of the stalledinternal equivalent points in the form &fq.(1.83):

1 EP with integer n (EPy, EP;, ...,EP\1) at pH,
1 semiEP with half-integer n  (EPy», EPsp, ...,ER-1/2) at pKq+1/2

In addition there are twexternal nonconstanequivalence points located at both ends
of thepH scalevhen G- ©:

1 EPy pH- 0
1 ER: pH- 14

The EPs (external and internalare arranged on the pH scale in the sequence of
increasing nin the way asn Eq.(1.74):

(1.88) pHo, pHi2, pH, pHsz, ..., PHN

An example of such a sequencesi®wn schematically ikig. 1.7 for the triprotic acid
HsPO,.

28 Oct 22, 2018
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EP, EP./, EP, EP), EP, EPs; EP,
I | | I I | |
| | | | | | |
| [ [ | | [ |
| [ [ | | [ |
| | | | | | |
| | | | | | |
| [ [ | | [ |
). ! ! ! | ! \
<« PK, : pPK, ll pK; S~
| |
. ? : : . pH
| PH, | PH, |
le—

|
Fig.17 Classificationofteq val enc e

points

(midpoint) %:b (midpoint) ——!

of

|
|
t he

subB@ystem Opur e

pH-C+ Plots. Fig. 1.8 shows all equivalence points of carbonic acid (upper diagram)
and phosphoric acid (lower diagram)the pHCy diagram Theinternal equivalence
points (red lines) are independent of @hile the twoexternal EPs (blue and green

H,A (carbonic acid)

curves) are not.

G [M]

G [Mm]

Fig.1.8 pHdependence dEPs and
semiEPs fotwo acidplotted ar=
f(pH) These curves arepaimations
valid for the isolated ssybs t e m
a c i(i.d. &ithout coupling to the-sub
systemO@pure H

(

1.E+00 5

1E-01 \

1.E-02 -

1E-03 - \

1.E-04 -

1E-05

1.E06 -

1.E07 -

1.E-08

1.E-09 T T T

-

R S R

=
\

1LE+00 '

12 13

1E01 - n=
1.E-02 AN
1.E-03 -
1.E-04 -
1.E-05 -
1.E-06 -
1.E-07 -

1.E-08 -

1.E-09 T T T

n=1.5

10

The representatioms dashedcurves (insteadf solid lines) inFig. 1.8 reminds us that
these ar@approximationsvalid for theisolateds u b s y puteae ani(i.é &ithout coup

l'ing to

t K ) The gengrad dase will ke discusse@2.3. There we will

learn that allinternal EPs representhe largeCr limit of the combinedd KA +H,O 0

system.
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1.5 lonization Fractions Degree of Dissociation
1.5.1 Definition of g

The N-protic acidHyA comprisedN+1 acid speciedenoted byjj], where j runs from 0
to N. Instea of the molar concentrations [{that add up to the total amount)Cit is
convenient to usaormalized unitlessionization fractionsy, & to a\:

(1.89) a1 Ul for j=0,1,2, .N
] CT

They form the mathematicad k el et on of t aei ddbwysthemhe@epur &

dependence on x (or ptf)

&k, § . 3k, Kk Kyg
1.90 a = g’ with —a@d+1+2+ + N
(190 g Jgao % (% X X XN 2
Combiningthe left and right equatnsyields:

o & i
(1.92) a = g‘%gao S LL for j=0,1,2,.N

¢r éj:o k,/x’

The ionization fractions argolely functions of x (or pkilgx); the only other ingred
ients are theumulativeequilibrium constantsntroduced in Eq(1.49):

(192) ko = 1, k1 = Kl, kz = K1K2, kN = K1K2...KN

Due to itsdefinition in Eq(1.89), the ionization fractions are indepdent of the total
concentration ¢ which is usefuln graphical representationss shown irfFig. 1.9. On
the other hand, once we knoyy #ne molar concentration of the acid species is imme
diately obtained bynultiplication with G-

(1.93 0] = Cr &) for j=0, 1,N to

To clearly exhibitthe pH dependencef g, Eq.(1.91) can also be written as
o k, 10/®"

(1.94) a(pH) = a, G 107" = —A——
a =0 K, 10/®"

Theionization fractionsarethe building blockf all relevant quantitiesvhich wewiill
derive in the next chapters.

121t was derived in §.3.4 Eq.(1.63).
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1.5.2 BIERRUMPlots andSpecialFeaturesof g

BJERRUM plots (as dissociatio diagams) area convenient way to visualize the pH
dependence dheionization fractionsy. This is demonstrateid Fig. 1.9 for four acids
(based on pKaluestaken fromTab.1.1).

1.1 T 1.1

: 1.0 +
09
0.8 -
0.7
06 -
0.5 -
04 -
03

— a0
al

a0 02 - a2
al 01 - — a3
- — 0.0 _ e e
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 0 1 2 3 4 5 6 7 & 9 10 11 12 13 14
H,A (carbonic acid) H;A (phosphoric acid)
pK; pK; pK; pK, pK;
1.1 . . 11 T i H ;
1.0 ; 10 |
09 - 0.9 -
0.8 —_a1 08 -
0.7 a2 07 -
0.6 o EP 0.6
0.5 o semi-EP 0.5 1 i ! b :
04 04 - i i A —a0
0.3 ‘ ' ' a1
0.3 - i i H a2
0.2 0.2 - ! i 1 —a3
0.1 01 | .
0.0 - T = : - 0.0 T T T
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 0o 1 2 3 4 5 6 7 8 9 10 11 12 13 14
pH pH

Fig.1.9 BIERRUNploOts cibnization fractions for four duigescircles denote sefms)

Universality. lonization fractions have the nice feature ttety areindependenof the
aci do6 sanotinb G.aRegardless of the assumed (&ither constant or pH
dependent)theionizationfractions curves remain theamei seeexamples in 8.4.5
(H2A as titrant vs HA as analyteand 82.4.6(open vs. closed C{system).

MassBalance. For any chosen value of x (or pH) the surh all ionization fractions
adds up to 1:

N
(1.95) l=a+a+..+a =3 aK) for anyx (or pH)

=0

Theionization fractions are bourzktween 0 and 1:

(1.96) 0 <a<1 for all

They do not become negativar greater thad. Strictly speaking, the functions will
come very close to the boundaries, but waver actually reach the values 0 and 1
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EPs. The equivalence points, introduced in H4s(6) and(1.77) can also be defined by
equating @ s :

(1.97) semiER: [j-1] =[] U 31=3 Y X = K;

(198 ER: [-1=[+1] U gi=ga Y  x=(KK.)’

This appliesonly for theinternal equivalence points

condition range pH n
(1.99 semiER a.1=3 j=1,2,..,N pK j- %
(1100 | ER 81=81  |j=1,2..N1 |pH! % (pi+ pKy) | ]

The equivalence points aeasilyrecognizablan the diagrams foFig. 1.9. The semi
EPs ardocated at the intersectiaf two adjacentonizationfractions, g.; and a(mar
ked asbluecircles); the EP$or integer nareat intersections ofonizationfractons .1
and g1 (marked as yellow circlesNoticethat the lattearelocatedat themaximumof
a (whosemahematical verification is giveim Eq.(B.34) of AppendixB.3.2).

The actual values at the points ofeirstection are (cf. EGB.36)):

(1.109) semiER g=g,4 | allotherad 0
(1.102 ER a=17123,a 1 allothergda 0

1.5.3 Two Types of: Sshaped vs. Belshaped

The disinction betweenexternal and internal equivalence points (as introduced in

§1.4.9 has its deep cause in the fact that there are two types of ionization fragtions a

Let 6s take a step back and start @uhe consi de
form of pK; values).

The one, two o\ pK; valuesof a mona, di- or N-protic acidsubdivide the entire pH
domaininto distinctintervals as showrin the left diagrams ofig. 1.10. Principally, a
polyprotic acid HA with its N pK valuesgenerate N+1 intervals:

O™interval for pH < pKy

1%interval between pKand pk
(1103

iMinterval between pKand pK.,

NTinterval for pH > pKy

The fth interval is the domain where the ionizatiomaction @ exercises its full
dominion; seeright diagrams ofFig. 1.10. As indicated by thecolors there aretwo
types of curves: Shaped curvem the 0" andthe N" interval at the oppositendsof
the pH scke (red color) and beHlshaped curvem all other intervalsk{lue color). The
latter reach their maximexactlyin the middle of the intervaln contrast, the Shaped
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curves appeaas the two halves of a bedhaped curvevhenthe opposite ends of the
two S-shapecturves are glued togeth@t minus and/or plus infinity)’

Fig.1.10 Eachionization fractigmas its own domain in thentgtival between two adjgu€malueqHA
acetic acid 2A1 carbonic acidzAdi phosphoric acid)

Asymptotic Behavior. At the opposite ends dhepH scalethereareonly theionizaion
fractiors ay or ay (which attainthe maximum value

(1.104 strondyacidicc. pH Y (or x VYa=1 allotherg=0
(1.105 strondy alkaline pH Y (or x Ya=1 allotherg=0

Note: In principle, the pH scale does not end at O or 14, but caxtiemded beyond
theseboundaries(for a mathematian everto -o and+a).

3 For a mathematiciaris isn't even as crazy aseems (when acting on the compRiemann sphere,
for example).
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